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Definite integral

x — cartesian coordinate ¢ — natural coordinate
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Normalization of a function of one variable F(x):
x©=2002  fo=F(Z2 e YY) ax=2tar

definite integral of the function F(x):
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Gaussian quadrature rule

quadrature rule: JACO
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n — no. of sample points,
¢; —coordinates of sample points
w; —weight coefficients
R,, —rest of the sum
R,=0 = dzzrlz -0 Numerical integration gives
as the exact value of the integral
for polynomials up to (2n — 1) degree.




Gaussian quadrature rule for polynomial functions R,=0 = %1.g
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ad_, o Lo Slom=25n=1

for alinear function: f(¢) =a &+ ; T: =a , e

1 One point is enough!
| asemas =i +o
-1
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1
for one Gauss point: 1&;=0,w; =2! = f (aé+p)dé = wy - £(0)
-1

polynomial functions:

2 3
ond order: fF(&) =aé?+BE+y; L=2qt+p; L=2¢; L-0-

T 42 43
2n=3—o>n=15—-n=2
Two points needed!
_ L f N |
for 2 Gauss points: ' &= _\/_§ ;0 &= \/_§ ; wp=w, =11




Gaussian quadrature rule for polynomial functions

S
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3thorder: f(§) =aé3 + BE*+yE+ 0

= [ (a83+pEPryEr)dE =wy - f (-

0O —
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n=2 (2po
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Two points are enough!

3)1(
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4th order: f(&) =aé*+ BE3 + yé2 + 68+ ¢
2n=5—-n=25—-n=3

for three Gauss points:
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Three points needed!
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j (@& + BES + &2+ 5E + ) dE =
~1

=2 f(-V06 )+

$3=V0.6 ; i
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Gaussian quadrature rule for polynomial functions

: 1 n 1
[ r©@ds =Y wef@ R 1 Rz = 2o
p oL i=1 !
L o e ;
Polynomial degree Number of ,’C i w;
Gauss points
1 1 0 2
3 2 1 / 1
: V3
3 1
5 3 —/0.6 5/9
0 8/9
+/0.6 5/9
7 4 —0.861136311594953  0.347854845137454

—0.339981043584856  0.652145154862546
+0.339981043584856  0.652145154862546
+0.861136311594953  0.347854845137454

The sum of the weight coefficients is always equal 2.
Numerical integration gives the exact value of the integral for polynomials up to (2n — 1) degree




Gaussian quadrature rule for 2D FEs

— o mm mm mm Em Em mm mm e Em my
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For one Gaussian point we have n
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Gaussian quadrature rule for 2D FEs

For two Gaussian points T T T T T T 1 1 T :
in each direction: n=2: :€1=7]1=—\/—§, €2=T]2=ﬁ ; W1=W2=1 |
n,
1
» x
($1,1m2) ($2,1M2)
—1 1 ¢
x »
($1,M1) ($2,7M1)
___________________________ )
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= wiWq - f($1,m1) + wowy - f($2,M1) + wawy - f($2,m2) +wiwy - f(§1,12) =

=f-%-RP+f(F %)+ (R +f%5)




Gaussian quadrature rule for 2D FEs

For three Gauss points
in each direction: n=3:
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Gaussian quadrature rule for 2D FEs

Forthree Gauss points === |= = e e e e e e e e e e e e e e e e e e e e e e e e e e e e = = = == - - I
on each direction we have:

G o o e e e e e e e R R S S R R S S R R S S R R S S e R e S R S S S R R R S e e e S e e

P o - - - - - — -y

___________________________

=wiwy * f(§1,M) Fwowy - f(S2,m1) + wawy - f($3,m1) +
Fwiwy - f(&1,M2) + wawy - f($2,M2) + wawy - f($3,12) +
Fwiws - f(&1,M3) + waws - f($2,M3) + waws - f($3,13) =

=2.2 f(—V0.6 ,—V0.6 )+2-2£(0,—V0.6 )+2-2f(0.6 ,—V0.6 )+
+2-2 f(—V06 ,0) +2-2f(0,0) +2- 2 (V0.6 ,0) +
+2.2 f(—V0.6 V0.6 )+2-2£(0,Y06 ) +2-2f(V0.6 ,V06 )
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Gaussian quadrature rule for 3D FEs

n=1 n=2 (2x2x2)
For one Gaussian point For two Gauss points in each
direction

n=3 (3x3x3)

For three Gauss points in each
direction
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Integration scheme for 2D elements

v
l_y 2D 3-node 6-node 4-node 8-node
Integration
type
FULL 3 3 2 X2 3X3
REDUCED 1 1 1 2 X 2
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Integration scheme for 3D elements

w
v 3D 4-node 10-node | 8-node |[6-node| 20-node
u l—>
Integration
type
FULL 4 11 2X2X%X2]3%x3 3Xx3%X3
REDUCED 1 5 1 3IX2| 2X2X2
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